
C H A P T E R

Solutions of Equations of One Variable

2.1 Introduction

In this chapter we consider one of the most basic problems of numerical approximation,

the root-finding problem. This process involves finding a root, or solution, of an equation

of the form f ( x ) = 0. A root of this equation is also called a zero of the function /. This

is one of the oldest known approximation problems, yet research continues in this area at

the present time.
The problem of finding an approximation to the rootof an equation can be traced at least

as far back as 1700 B.c. A cuneiform table in the Yale Babylonian Collection dating from that
period gives a sexagesimal (base-60) number equivalent to 1.414222 as an approximation

to \/2, a result that is accurate to within 10"5.This approximation can be found by applying

a technique given in Exercise 11 of Section 2.4.

2.2 The Bisection Method

The first and most elementary technique we consider is the Bisection, or Binary-Search,

method. The Bisection method is used to determine, to any specified accuracy that your

computer will permit, a solution to f ( x ) = 0 on an interval [a , b ] , provided that / is
continuous on the interval and that f (a ) and f (b ) are of opposite sign. Although the

method will work for the case when more than one root is contained in the interval [a , b\,
we assume for simplicity of our discussion that the root in this interval is unique.

Bisection Technique

To begin the Bisection method, set a\ = a and b\ = b, as shown in Figure 2.1, and let p\

be the midpoint of the interval [a , b ]:

b i — a\ a\ + b\

If f ( p\ ) = 0, then the root p is given by p = p\\ if f ( p\ ) ^ 0, then f ( p\ ) has the same
sign as either f (a\ ) or f (b\ ).
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3 4 C H A P T E R 2 Solutions of Equations of One Variable

Figure 2.1
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In computer science, the process

of dividing a set continually in

half to search for the solution to a

problem, as the Bisection method

does, is known as a binary search

procedure.

• If f { p\ ) and f (a\ ) have opposite signs, then p is in the interval (a\ , p\ ) y and we set

02 = a\ and &2 = Pi -

• If f ( p\ ) and /(aj) have the same sign, then p is in the interval (pi , b\ )> and we set

0 2 = P i and b2 = b\.

Reapply the process to the interval [ ,a2, £>2]. and continue forming [<23, ^3], [a4 , fc4],

Each new interval will contain p and have length one half of the length of the preceding
interval.

Bisection Method

An interval [a„+ i , b n+ \ ]containing anapproximation toa root of f ( x ) = 0 isconstructed
from an interval [a„, b„) containing the root by first letting

Pn = an +
2

Then set

and

a„+\ = a„ and bn+l = p„ if f (a„) f ( p n ) < 0,

a„+ i = p n and b„+\ = bn otherwise.
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2.2 The Bisection Method 35

Program BISECT21

implements the Bisection

method.*

There are three stopping criteria commonly incorporated in the Bisection method, and
incorporated within BISECT21.

• The method stops if one of the midpoints happens to coincide with the root.

• It also stops when the length of the search interval is less than some prescribed tolerance

we call TOL.

• The procedure also stops if the number of iterations exceeds a preset bound N0.

To start the Bisection method, an interval [a , b ] must be found with f (a ) • /{b ) < 0;

that is, / (a) and / (b) have opposite signs. At each step, the length of the interval known to

contain a zero of / is reduced by a factor of 2. Since the midpoint p\ must be within (b —a ) / 2
of the root p, and each succeeding iteration divides the interval under consideration by 2,

we have

b - a
IP- ~ P\ ~ j r -

Consequently, it is easy to determine a bound for the number of iterations needed to ensure
a given tolerance. If the root needs to be determined within the tolerance TOL, we need to

determine the number of iterations, n, so that

b — a

2n < TOL.

Using logarithms to solve for n in this inequality gives

b — a

TOL
< 2\ which implies that log2

( b — a

TOL ) < n.

Since the number of required iterations to guarantee a given accuracy depends on the
length of the initial interval [a ,b ] , we want to choose this interval as small as possible. For
example, if /(*) = 2*

3 — x2 + x — 1, we have both

/(-4) - / (4) < 0 and /(0) /(1) < 0,

so the Bisection method could be used on either [-4, 4] or [0, 1]. Starting the Bisection
method on [0, 1] instead of [-4, 4] reduces by 3 the number of iterations required to achieve

a specified accuracy.

Example 1 Show that f ( x ) = x3 + 4x2 - 10 = 0 has a root in [1, 2] and use the Bisection method to

determine an approximation to the root that is accurate to at least within 10“4.

Solution Because / (1) = —5 and /(2) = 14, the Intermediate Value Theorem ensures
that this continuous function has a root in [1, 2].Since f ' ( x ) = 3*

2 + 8* is always positive

on [1, 2], the function / is increasing, and, as seen in Figure 2.2, the root is unique.

’These programs can be found at http://www.math.ysu.edu/~faires/Numerical-Methods/Programs/
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36 C H A P T E R 2 Solutions of Equations of One Variable

Figure 2.2
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For the first iteration of the Bisection method we use the fact that at the midpoint of
[1, 2] we have

/(1.5) = 2.375 > 0.

This indicates that we should select the interval [1, 1.5] for our second iteration. Then we

find that

/(1.25) =-1.796875

so our new interval becomes (1.25, 1.5], whose midpoint is 1.375.Continuingin this manner

gives the values in Table 2.1.

Table 2.1 n On bn Pn H P n )

1 1.0 2.0 1.5 2.375
2 1.0 1.5 1.25 -1.79687
3 1.25 1.5 1.375 0.16211
4 1.25 1.375 1.3125 -0.84839
5 1.3125 1.375 1.34375 -0.35098
6 1.34375 1.375 1.359375 -0.09641

7 1.359375 1.375 1.3671875 0.03236
8 1.359375 1.3671875 1.36328125 -0.03215
9 1.36328125 1.3671875 1.365234375 0.000072

10 1.36328125 1.365234375 1.364257813 -0.01605
11 1.364257813 1.365234375 1.364746094 -0.00799
12 1.364746094 1.365234375 1.364990235 -0.00396

13 1.364990235 1.365234375 1.365112305 -0.00194

After 13 iterations, pn = 1.365112305 approximates the root p with an error

\ p — P13 I < I*i4 - flul = 11.365234375 — 1.365112305 | = 0.000122070.
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2.2 The Bisection Method 37

Since < \ p\ t we have

I\ P 7 PnI
<

Ipl

1^14 ~ flu!
\O\A\

< 9.0 x 10“5,

so the approximation is correct to at least within 10-4.The correct value of p to nine decimal

places is p = 1.365230013. Note that /79 is closer to p than is the final approximation p\$.
You might suspect this is true because |/(p9)| < \ f ( p n )l

The Bisection method, although conceptually clear, has serious drawbacks. It is slow to

converge relative to the other techniques we will discuss, and a good intermediate approxi-
mation may be inadvertently discarded. This happened, for example, with /79 in Example 1.
However, the method has the important property that it always converges to a solution and
it is easy to determine a bound for the number of iterations needed to ensure a given accu-
racy. For these reasons, the Bisection method is frequently used as a dependable starting

procedure for the more efficient methods presented later in this chapter.
The bound for the number of iterations for the Bisection method assumes that the

calculations are performed using infinite-digit arithmetic. When implementing the method

on a computer, consideration must be given to the effects of round-off error. For example,
the computation of the midpoint of the interval [an , bn] should be found from the equation

instead of from the algebraically equivalent equation

Pn
a n + bn

2

The first equation adds a small correction, (b n-a n )/ 2, to the known value a n.When b n -an
is near the maximum precision of the machine, this correction might be in error, but theerror
would not significantly affect the computed value of p n. However, in the second equation,

if b n - an is near the maximum precision of the machine, it is possible for p n to return a
midpoint that is not even in the interval [ a n , bn].

A number of tests can be used to see if a root has been found. We would normally use
a test of the form

\ f ( Pn )\ <

The Latin word signum means

“token” or “sign."So the signum

function quite naturally returns

the sign of a number (unless the

number is 0).

where > 0 would be a small number related in some way to the tolerance. However, it is
also possible for the value f ( pn ) to be small when pn is not near the root p.

As a final remark, to determine which subinterval of [a„ , bn] contains a root of /, it is
better to make use of signum function, which is defined as

f —1. if * < 0,
sgn(jr ) = < 0, if x = 0,

( l , if JC > 0.

The test

sgn( f ( a n ) ) sgn(/ (/?
*
)) < 0 instead of f (a n ) f ( p n ) < 0

gives the same result but avoids the possibility of overflow or underflow in the multiplication

of f (an ) and f ( pn ).
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38 C H A P T E R 2 Solutions of Equations of One Variable

E X E R C I S E S E T 22

1. Use the Bisection method to find p3 for f ( x ) = J x — cos* on [0, 1J.
2. Let /(x) = 3(x + l )(x - ^ )(x — 1). Use the Bisection method on the following intervals to find p3.

a. [—2, 1.5] b. [-1.25, 2.5]

3. Use the Bisection method to find solutions accurate to within 10 2 for x3 - l x2 + 14*- 6 = 0 on
each interval.

a. [0, 1] b. [1, 3.2] c. [3.2, 4]

4. Use the Bisection method to find solutions accurate to within 10-2 for x4 — 2x 3 — A x1 + 4x + 4 = 0

on each interval.

a. [-2,-1] b. [0, 2]

c. [2, 3] d. [-1,0]

5. a. Sketch the graphs of y = x and y — 2sin*.
b. Use the Bisection method to find an approximation to within 10“2 to the first positive value of

x with x = 2 sin*.

6. a. Sketch the graphs of y = x and y = tan x.
b. Use the Bisection method to find an approximation to within 10 2 to the first positive value of

x with x = tanx.

7. Let /(x ) = ( x 4- 2 )( x + l )x( x - l)3(x- 2). To which zero of / does the Bisection method converge

for the following intervals?

a. [-3, 2.5] b. [-2.5, 3]

c. [-1.75, 1.5] d. [-1.5, 1.75]

8. Let f ( x ) = ( x 4- 2)( x + l )2x(x- l )3(x-2). To which zero of / does the Bisection method converge

for the following intervals?

a. [-1.5, 2.5] b. [-0.5, 2.4]
c. [-0.5, 3] d. [-3,-0.5]

9. Use the Bisection method to find an approximation to \/3 correct to within 10~4. [ H i n t: Consider

f ( x ) = x2 - 3.]

10. Use the Bisection method to find an approximation to \^25 correct to within 10 4.
11. Find a bound for the number of Bisection method iterations needed to achieve an approximation with

accuracy 10 3 to the solution ofx 3 + x -4 = 0 lying in the interval [1, 4]. Find an approximation to

the root with this degree of accuracy.

12. Find a bound for the number of Bisection method iterations needed to achieve an approximation with

accuracy 10 4 to the solution of x3 — x — 1 = 0 lying in the interval [1, 2]. Find an approximation to

the root with this degree of accuracy.

13. The function defined by /(x) = sin;rx has zeros at every integer. Show that when -1 < a < 0 and

2 < b < 3, the Bisection method converges to

a. 0, i f a + b < 2 b. 2, if a + b > 2 c. 1, i f a + b = 2

2.3 The Secant Method

Although the Bisection method always converges, the speed of convergence is often too slow

for general use. Figure 2.3 gives a graphical interpretation of the Bisection method that can
be used to discover how improvements on this technique can be derived. It shows the graph

of a continuous function that is negative at a\ and positive at b \ . The first approximation p\
to the root p is found by drawing the line joining the points (a\ , sgn(/(ai))) = (a\ ,-l) and
(b\ y sgn(/ (& i ))) = (b\ ,1) and letting p\ be the point where this line intersects the x-axis.
In essence, the line joining -1) and (b \ , 1) has been used to approximate the graph of /
on the interval [a\ ,b\ ].Successive approximations apply this same process on subintervals

Cop>?i£tu 2012 Cc«£»fc Learnin*. AI R.(hu Rocncd May r*x be copied, canned, o* daplicaied.» whole o» m pan. Doc to electronic rifhu.*wc third pony contcac may be soppre^ ted ftem the eBook and/or cCh<xcn» l . Editorial roiew h*>

deemed Cut any Mpprcucd content dee> not nuxtiily alTect the overall Icamir.it experience. C'crtitape Learnmp rexxvei the rtpltt 10 renxwe additional conceal at any time i i tutoeqjcni npht» rotrictionc require It


